Introduction
The topic of Catalan sequences appears in many textbooks on Combinatorics [1] , [2] , [10] , [12] . The textbook [11] is devoted to this topic and its myriad connections to other branches of mathematics. In the present paper we will encounter Catalan sequences in the theory of quantum groups and q-shuffle algebras. Before going into detail, we take a moment to establish some notation. Recall the natural numbers N = {0, 1, 2, . . .} and integers Z = {0, ±1, ±2, . . .}. Let F denote a field. All vector spaces discussed in this paper are over F. All algebras discussed in this paper are associative, over F, and have a multiplicative identity. Let q denote a nonzero scalar in F that is not a root of unity. Recall the notation
Define the algebra U + q by generators A, B and relations
The algebra U + q is called the positive part of U q ( sl 2 ); see for example [5, p. 40] or [7, Corollary 3.2.6]. The equations (2) , (3) are called the q-Serre relations.
In [3, p. 299] Damiani introduced some elements in U + q denoted
These elements are recursively defined as follows:
and for n ≥ 1,
E nδ = q −2 E (n−1)δ+α 1 A − AE (n−1)δ+α 1 .
By [3, p. 307 ] the elements {E nδ } ∞ n=1 mutually commute. In [3, Section 5] , Damiani showed that the elements (4) form a Poincaré-Birkhoff-Witt (or PBW) basis for U + q . Here are the details. Definition 1.1. We impose a linear order on the elements (4) such that
.) The vector space U + q has a linear basis consisting of the products x 1 x 2 · · · x n (n ∈ N) of elements in (8) such that x 1 ≤ x 2 ≤ · · · ≤ x n . We interpret the empty product as the multiplicative identity in U + q . Let x, y denote noncommuting indeterminates, and let V denote the free algebra with generators x, y. For n ∈ N, a word of length n in V is a product v 1 v 2 · · · v n such that v i ∈ {x, y} for 1 ≤ i ≤ n. We interpret the word of length zero to be the multiplicative identity in V; this word is called trivial and denoted by 1. The vector space V has a basis consisting of its words; this basis is called standard.
We just defined the free algebra V. There is another algebra structure on V, called the q-shuffle algebra. This algebra was introduced by Rosso [8, 9] and described further by Green [4] . We will adopt the approach of [4] , which is well suited to our purpose. The q-shuffle product is denoted by ⋆. To describe this product, we start with some special cases. We have 1 ⋆ v = v ⋆ 1 = v for v ∈ V. For u ∈ {x, y} and a nontrivial word
where
For example 
For nontrivial words
So in the q-shuffle algebra V the elements x, y satisfy the q-Serre relations. Consequently there exists an algebra homomorphism ♮ from U + q to the q-shuffle algebra V, that sends A → x and B → y. The map ♮ is injective by [9, Theorem 15] . See [6, p. 696] for more information about ♮.
We now state our goal for the paper. We will apply the map ♮ to each element in (4) , and express the image in the standard basis for V. As we will see, the coefficients have an attractive closed form. We give our main theorem after a few comments. Definition 1.3. Define x = 1 and y = −1. Pick an integer n ≥ 0 and consider a word w = a 1 a 2 · · · a n in V. The word w is called balanced whenever a 1 + a 2 + · · · + a n = 0; in this case n is even. The word w is said to be Catalan whenever it is balanced and 
where the sum is over all the Catalan words a 1 a 2 · · · a 2n in V that have length 2n. We call C n the n th Catalan element in V.
Example 1.6. We have
The following is our main result.
for n ≥ 0, and
for n ≥ 1. We emphasize that in (16), the notations xC n and C n y refer to the concatenation product.
In the algebra U + q , the PBW basis elements (4) are known to satisfy certain relations [3, Section 4] . Applying ♮ to these relations and using Theorem 1.7, we obtain some relations involving the Catalan elements. In Section 3 we will discuss these relations in detail, and for now give one example. Recall from below (7) that {E nδ } ∞ n=1 mutually commute.
Let {λ n } ∞ n=1 denote mutually commuting indeterminates. Let F[λ 1 , λ 2 , . . .] denote the algebra consisting of the polynomials in {λ n } ∞ n=1 that have all coefficients in F. Proposition 1.2 and Corollary 1.8 imply the following. Corollary 1.9. Let C denote the subalgebra of the q-shuffle algebra V that is generated by
2 The proof of Theorem 1.7
In this section we prove Theorem 1.7. Before starting the main argument, we introduce a map that will simplify some of our proofs. Recall that for any algebra A, an antiautomorphism of A is an F-linear bijection γ : A → A such that (ab) γ = b γ a γ for all a, b ∈ A. By the form of the q-Serre relations (2), (3) we see that there exists an antiautomorphism ζ of U + q that swaps A, B. Consider what ζ does to the PBW basis (4) . By [3, p. 307] , the following holds in U + q for n ≥ 1:
By this and (5)- (7) we see that the map ζ fixes E nδ for n ≥ 1, and swaps E nδ+α 0 , E nδ+α 1 for n ∈ N.
We have been discussing the map ζ on U + q . There is an analogous map on V, that we will also call ζ. This ζ is the antiautomorphism of the free algebra V that swaps x, y. For example, ζ sends xxyxxy ↔ xyyxyy, xxyyxx ↔ yyxxyy, xxxyyy ↔ xxxyyy.
The map ζ on V permutes each of the following sets: (i) the words in V; (ii) the balanced words in V; (iii) the Catalan words in V. Moreover ζ fixes C n for n ∈ N. By (9)- (12) the map ζ on V is an antiautomorphism of the q-shuffle algebra V. Recall the map ♮ : U + q → V from below (14). By construction the following diagram commutes:
Returning to Theorem 1.7, we now discuss our proof strategy. One routinely checks that (16) holds for n = 0 and (17) holds for n = 1. The PBW basis elements (4) satisfy the recurrence (6), (7), (19). The candidate images of (4) under ♮ are given in (16), (17). We will show that these candidate images satisfy a recurrence analogous to (6), (7), (19), which looks as follows in terms of the Catalan elements. We will show that for n ≥ 1,
We will show these in order (22), (23), (20), (21).
We just gave our proof strategy. We now proceed with the main argument.
Lemma
Proof. To verify (24), expand the left-hand side using (9), (10) and evaluate the result using (1).
For notational convenience, we endow the vector space V with a certain bilinear form. There exists a unique bilinear form ( , ): V × V → F with respect to which the standard basis is orthonormal. The bilinear form ( , ) is symmetric and nondegenerate. For v ∈ V we have
where the sum is over all the words w in V. Of course, in this sum the coefficient (w, v) is nonzero for only finitely many w.
Lemma 2.2. For a balanced word v = a 1 a 2 · · · a m and any word w,
where the sum is over the integers
Proof. In equation (24), take the inner product of each side with w.
Lemma 2.3. Referring to Lemma 2.2, assume that v is Catalan and w is not. Then in (26) each side is zero.
Proof. The word a 1 a 2 · · · a i xa i+1 · · · a m y is Catalan for 0 ≤ i ≤ m.
Definition 2.4. For n ∈ N let Cat n denote the set of Catalan words in V that have length 2n.
Definition 2.5. For a Catalan word w = a 1 a 2 · · · a 2n define
Using Definitions 2.4, 2.5 we can rewrite (15) as follows:
Definition 2.6. Let w = a 1 a 2 · · · a 2n denote a Catalan word. Its elevation sequence is (e 0 , e 1 , . . . , e 2n ) with e i = a 1 + a 2 + · · · + a i (0 ≤ i ≤ 2n).
Example 2.7. We display each Catalan word of length 6, along with its elevation sequence. The profile notation will play an important role in our main calculations, so let us consider it from several points of view. We will do this over the next three lemmas. For these lemmas the proof is routine, and omitted.
The elevation sequence of a Catalan word is determined by its profile in the following way.
Lemma 2.10. The elevation sequence of a Catalan word with profile (ℓ 0 , h 1 , ℓ 1 , h 2 , . . . , h r , ℓ r ) is given below:
The length of a Catalan word is determined by its profile in the following way.
Lemma 2.11. For a Catalan word a 1 a 2 · · · a 2n with profile (ℓ 0 , h 1 , ℓ 1 , h 2 , . . . , h r , ℓ r ),
Next we clarify which sequences are the profile of a Catalan word.
Lemma 2.12. Given r ∈ N and a sequence of integers
There exists a Catalan word w with profile (29) if and only if the following (i)-(v) hold:
In this case
(In the above line the exponents are with respect to the concatentation product).
Definition 2.13. By a Catalan profile we mean a sequence of integers (ℓ 0 , h 1 , ℓ 1 , h 2 , . . . , h r , ℓ r ) that satisfies the conditions (i)-(v) in Lemma 2.12.
Recall the notation
We interpret [0]
! q = 1. Let w denote a Catalan word. Next we give the coefficient C(w) in terms of the profile of w.
Lemma 2.14. For a Catalan word w with profile (ℓ 0 , h 1 , ℓ 1 , h 2 , . . . , h r , ℓ r ),
Proof. Use (27) and Lemma 2.10, keeping in mind that x = 1 and y = −1.
The next definition is for notational convenience; it is justified by Lemma 2.14.
Definition 2.15. For r ∈ N and any sequence of natural numbers (ℓ 0 , h 1 , ℓ 1 , h 2 , . . . , h r , ℓ r ) define
We mention two identities for later use. For n ∈ N,
For r, s ∈ N with r < s,
Proof. Evaluate the left-hand side using Definition 2.15. Evaluate the right-hand side using Definition 2.15 and (31), (32). After some straightforward algebraic manipulation the two sides are found to be equal.
Corollary 2.17. For n ≥ 1 and w ∈ Cat n we have
Proof. This is a reformulation of Proposition 2.16, using Lemma 2.2.
Proposition 2.18. For n ≥ 1,
Proof. For all words w in V, we show that each side of (34) has the same inner product with w. For the left-hand side of (34), this inner product is q −1 C(w) if w ∈ Cat n , and 0 if w ∈ Cat n . For the right-hand side of (34), this inner product is
First assume that w ∈ Cat n . Then the scalar (35) is equal to q −1 C(w), in view of Corollary 2.17. Next assume that w ∈ Cat n . Then the scalar (35) is equal to 0 by construction and Lemma 2.3. In any case, each side of (34) has the same inner product with w. The result follows.
Proposition 2.19. For n ≥ 1,
Proof. Apply the antiautomorphism ζ to each side of (34).
Proposition 2.20. For n ≥ 1,
Proof. Using (11) we obtain
(xy) ⋆ (xC n−1 ) = x y ⋆ (xC n−1 ) + x (xy) ⋆ C n−1 .
We claim that
If n = 1 then (40) holds since C 0 = 1, so assume n ≥ 2. Below (7) we mentioned that E δ , E 2δ , E 3δ , . . . mutually commute. So by (17) and induction on n, the elements C 1 , C 2 , . . . , C n−1 mutually commute with respect to the q-shuffle product. In particular C 1 , C n−1 commute with respect to the q-shuffle product. The element C 1 is a nonzero scalar multiple of xy, so (40) holds and the claim is proved. Using (23) and (38), (39), (40) we obtain
Proposition 2.21. For n ≥ 1,
Proof. Apply the antiautomorphism ζ to each side of (37).
We have shown that (20)-(23) hold for n ≥ 1. Theorem 1.7 is now proven.
Some relations involving the Catalan elements
In Corollary 1.8 we saw that the Catalan elements mutually commute with respect to the q-shuffle product. In this section we give some more relations along this line. First we recall some relations in the algebra U 
(ii) Assume that i − j = 2r is even. Then
We mention an alternate version of Lemma 3.2.
Lemma 3.4. For i, j ∈ N the following hold in U + q :
Proof. To verify these equations, use Lemma 3.2 to evaluate each product that is out of order with respect to the linear order in Definition 1.1.
We mention an alternate version of Lemma 3.3.
Lemma 3.5. The following relations hold in U + q . For i ∈ N,
For distinct i, j ∈ N,
Proof. The equations (42), (43) come from Lemma 3.3(i) with r = 0. We now verify the remaining two equations in the lemma statement. Without loss, we many assume that i > j. Under this assumption use Lemma 3.3 to evaluate each product that is out of order with respect to the linear order in Definition 1.1.
We just gave some relations in U + q . Applying the map ♮ and using Theorem 1.7 we routinely obtain the following results. Corollary 3.6. For i, j ∈ N the following holds in V:
Corollary 3.7. For i, j ∈ N the following hold in V: Corollary 3.9. For i, j ∈ N the following hold in V:
Corollary 3.10. The following relations hold in V. For i ∈ N, q(xC i+1 ) ⋆ (xC i ) = q −1 (xC i ) ⋆ (xC i+1 ), q(C i y) ⋆ (C i+1 y) = q −1 (C i+1 y) ⋆ (C i y).
For distinct i, j ∈ N, q(xC i+1 ) ⋆ (xC j ) − q −1 (xC j ) ⋆ (xC i+1 ) = q −1 (xC i ) ⋆ (xC j+1 ) − q(xC j+1 ) ⋆ (xC i ), q(C j y) ⋆ (C i+1 y) − q −1 (C i+1 y) ⋆ (C j y) = q −1 (C j+1 y) ⋆ (C i y) − q(C i y) ⋆ (C j+1 y).
